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A MULTIDIMENSIONAL BORG-LEVINSON THEOREM FOR MAGNETIC 
SCHRODINGER OPERATORS WITH PARTIAL SPECTRAL DATA 


YAVAR KIAN 


Abstract. We consider the multidimensional Borg-Levinson theorem of determining both the magnetic 
field dA and the electric potential V, appearing in the Dirichlet realization of the magnetic Schrodinger 
operator H = (—iV + A)^ + V on a bounded domain £7 C K", n ^ 2, from partial knowledge of the 
boundary spectral data of H. The full boundary spectral data are given by the set {(Aj., Si/Vfejgrj) ■ ^ ^ 
where {Aj. : fc € N*} is the non-decreasing sequence of eigenvalues of H, {ipf^ : fe G N*} an associated 
Hilbertian basis of eigenfunctions and u is the unit outward normal vector to dQ. We prove that some 
asymptotic knowledge of {^k^dvV^k\dei) with respect to A: IS 1 determines uniquely the magnetic field dA 
and the electric potential V. 
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1. Introduction 

1.1. Statement of the problem. We consider il C M", n ^ 2, a bounded and connected domain such 

that K" \ O is also connected. We set P = dQ. Let A G R"), V G L°“(0,R) and consider the 

magnetic Schrodinger operator H = (—iV -k A)^ + V acting on L^(n) with domain D{H) = {u G Rq (II) : 
(-iV-kA)2u G L2(0)}. 

Let Aj G R"), Vj G L°°(II,R), j = 1,2, and consider the magnetic Schrodinger operators 

Hj = H ior A = Aj and V = Vj, j = 1,2. We say that Hi and H 2 are gauge equivalent if there exists 
p g W^’°°(II,R) n Ro(II) such that H 2 = 

It is well known that H is a selfadjoint operator. By the compactness of the embedding Rq (II) ^ L^(II), 
the spectrum of R is purely discrete. We note {Afe : fc G N*} the non-decreasing sequence of eigenvalues of 
R and {(pk ■ fc G N*} an associated Hilbertian basis of eigenfunctions. In the present paper we consider the 
Borg-Levinson inverse spectral problem of determining uniquely R, modulo gauge equivalence, from partial 
knowledge of the boundary spectral data {{Xk, di,ipk\r) ■ ^ £ N*} with 1 / the outward unit normal vector 
to P. Namely, we prove that some asymptotic knowledge of {Xk,d,^(pk\r) with respect to fc G N* determines 
uniquely the operator R modulo gauge transformation. 

1.2. Borg-Levinson inverse spectral problems. It is Ambartsumian who first investigated in 1929 the 
inverse spectral problem of determining the real potential V appearing in the Schrodinger operator R = 
—A + V, acting in L^(II), from partial spectral data of R. For II = (0,1), he proved in [T] that U = 0 if 
the spectrum of the Neumann realization of R equals : fc G N}. For the same operator, but endowed 
with homogeneous Dirichlet boundary conditions, Borg [5] and Levinson m established that the Dirichlet 
spectrum {A^ : fc G N*} does not uniquely determine V. They showed that additional spectral data, namely 
{||v:’fc||L 2 (o,i) : fc G N*}, where {pk ■ k G N*} is an L^(0, l)-orthogonal basis of eigenfunctions of R obeying 
the condition ^^^(O) = 1, is needed. Gel’fand and Levitan proved in [12] that uniqueness is still valid upon 
substituting the terminal velocity p'kil) for ||¥^fc||L 2 (Q in the one-dimensional Borg and Levinson theorem. 
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In 1988, Nachman, Sylvester, Uhlmann and Novikov [5^ proposed a multidimensional formulation 
of the result of Borg and Levinson. Namely, they proved that the boundary spectral data {{Xk,dvipk\dQ) ■ 
k G N*}, where i/ denotes the outward unit normal vector to and [Xk^fk) is the eigenpair of 
—A + V, determines uniquely the Dirichlet realization of the operator —A + V. The initial formulation 
of the multidimensional Borg-Levinson theorem by m and m has been improved in several ways by 
various authors. Isozaki m (see also i) extended the result of [22| when finitely many eigenpairs remain 
unknown, and, recently, Choulli and Stefanov m claimed uniqueness in the determination of V from the 
asymptotic behavior of {Xk, d,y(pk\r) with respect to k. Moreover, Canute and Kavian [3 [H] considered the 
determination of the conductivity c, the electric potential V and the weight p from the boundary spectral 
data of the operator p~^ {—div{cX/■) + V) acting on the weighted space endowed with either Dirichlet or 

Neumann boundary conditions. Namely, proved that the boundary spectral data of p ^{—div{c\7-) + V) 
determines uniquely two of the three coefficients c, V and p. The case of magnetic Schrodinger operator has 
been treated by [23 who determined both the magnetic field dA and the electric potential V of the operator 
Id = (—iV + A)'^ + V. Here the 2-form dA of a vector valued function A = (oi,..., a„) is defined by 

dA = '^{dx^ai - dxiaj)dxj A dxi. 

i<j 

All the above mentioned results were obtained with Q bounded and operators of purely discrete spectral 
type. In some recent work m examined a Borg-Levinson inverse problem stated in an infinite cylindrical 
waveguide for Schrodinger operators with purely absolutely continuous spectral type. More precisely, m 
proved that a real potential V which is 27r-periodic along the axis of the waveguide is uniquely determined 
by some asymptotic knowledge of the boundary Floquet spectral data of the Schrodinger operator —A + V 
with Dirichlet boundary conditions. 

Finally, let us mention for the sake of completeness that the stability issue in the context of Borg- 
Levinson inverse problems was examined in [21151191 Uni di and that [21 El [H] established related results 
on Riemannian manifolds. We also precise that [231151123 have proved stability estimates in the recovery 
of coefficients from the hyperbolic Dirichlet-to-Neumann map which is equivalent to the determination of 
general Schrodinger operators from boundary spectral data. 

1.3. Main result. Let Aj G R"), Vj G L°°(fl,R) and consider the magnetic Schrodinger operators 

Hj = If for A = Aj and V = Vj, j = 1,2. Further we note {Xj^k,<fj,k), k 1, the fc*'' eigenpair of Hj, for 
j = 1, 2. Our main result can be stated as follows. 

Theorem 1.1. We fix Hi an arbitrary open neighborhood of F in (F C Hi and Hi C H). For j = 1, 2, let 
Vj G L°“(H,IR) and let Aj G C^(H,R") fulfill 

Ai{x)=A 2 {x), a; € Hi. (1.1) 

Assume that the conditions 

+ 00 

lim |Apfc - A 2 ,fe| = 0, y^\\d^Fi,k - d^‘P 2 ,k\\'l 2 (r) <'^ (1-2) 

k—^-\-oo ^ ' 

fc=l 

hold simultaneously. Then, we have dAi = dA 2 and Vi = I^. 

Note that condition CH) corresponds to the knowledge of the magnetic potential on a neighborhood of 
the boundary. 

Let us observe that, as mentioned by [13 [13, Theorem o can be considered as a uniqueness theorem 
under the assumption that the spectral data are asymptotically "very close”. Conditions m are similar to 
the one considered by |16j and they are weaker than the requirement that 

|Ai,fe - A2,fe| ^ Cfc"", \\d,,tpi^k - d„(p2,k\\L2(^r) ^ 

for some a > 1 and /3 > 1 ~ considered in [23 Theorem 2.1]. Note also that conditions USD are weaker 
than the knowledge of the boundary spectral data with a finite number of data missing considered by M- 
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Let US remark that there is an obstruction to uniqueness given by the gauge invariance of boundary 
spectral data for magnetic Shrodinger operators. More precisely, let p G \ fli) \ {0} and assume that 

Ai = Vp + A 2 ^ A 2 , Vi = V 2 . Then, we have iLi = e~'PH 2 e'^ and one can check that we can choose the 
spectral data of Hi and H 2 in such a way that the conditions 

|p; — ^2,kj /t € M 

are fulfilled. Therefore, conditions (ll.ll) - (ll.2ll are fulfilled but Hi ^ H 2 . Nevertheless, assuming (11.11) 
fulfilled, the conditions dAi = dA 2 and Vi = V 2 imply that Hi and H 2 are gauge equivalent. Therefore, 
Theorem o is equivalent to the unique determination of magnetic Schrodinger operators modulo gauge 
transformation from the asymptotic knowledge of the boundary spectral data given by conditions p.2l) . 

We stress out that the problem under examination in this text is a Borg-Levinson inverse problem 
for the magnetic Schrodinger operator H = (—iV + A)'^ + V. To our best knowledge, there are only 
two multi-dimensional Borg-Levinson uniqueness result for magnetic Schrodinger operators available in the 
mathematical literature, PEI Theorem B] and [571 Theorem 3.2] (we refer also to [21] for related inverse 
scattering results). In (TS], the authors considered general magnetic Schrodinger operators with smooth 
coefficients on a smooth connected Riemannian manifold and they proved unique determination of these 
operators modulo gauge invariance from the knowledge of the boundary spectral data with a missing finite 
number of data. In Serov treated this problem on a bounded domain of R”, and he proved that, for 
p g IT^’°°(f2,M") and V G L°°(n,IR), the full boundary spectral data {{\k,d^<fk\r) ■ ^ ^ N*} determines 
uniquely dA and V. In contrast to [T^IIIT], in the present paper we prove that the asymptotic knowledge 
of the boundary spectral data, given by the conditions (O, is sufficient for the unique determination of 
dA and V. To our best knowledge, conditions (11.21) are the weakest conditions on boundary spectral data 
that guaranty uniqueness of magnetic Schrodinger operators modulo gauge transformation. Moreover, our 
uniqueness result is stated with conditions similar to m Theorem 1.4], which seems to be the most precise 
Borg-Levinson uniqueness result so far for Schrodinger operators without magnetic potential (P = 0). 

An important ingredient in our analysis is a suitable representation that allows to express the magnetic 
potential A and the electric potential V in terms of Dirichlet-to-Neumann map associated to the equations 
(—iV -I- A)‘^u + Vu — \u = Q for some A G C. In [13] Isozaki applied a similar approach to the Schrodinger 
operator —A + V with Dirichlet boundary conditiorQ and [TOl [IB] applied the representation formulas of 
M- Inspired by the construction of complex geometric optics solutions of [3] [m [I7[ [m [231 EBjEO] we prove 
that the approach of [lOl [H] [16] can be extended to magnetic Schrodinger operators. More precisely, we 
derive two representation formulas that allow to recover both the magnetic field and the electric potential of 
magnetic Schrodinger operators which means recovery of both coefficients of order one and zero in contrast 
to [101 [HI [TB] where only determination of coefficients of order zero is considered. This paper is the first 
where the extension of the approach developed by m to more general coefficients than coefficients of order 
zero is considered. Note also that our approach make it possible to prove this extension without imposing 
important assumptions of regularity of the admissible coefficients. 

We believe that the approach developed in the present paper can be used for results of stability in the 
determination of the magnetic field dA and the electric potential V similar to m Theorem 1.3]. Indeed, 
following the strategy set in this paper we expect a stability estimate associated to the the determination of 
the magnetic field dA. The main issue comes from the stability in the determination of the electric potential 
V. Nevertheless, we believe that this problem can be solved by adapting suitably the argument developed 
in [32] related to the inversion of the d operator on differential forms restricted to the right subspaces. 

1.4. Outline. This paper is organized as follows. In Section 2 we consider some useful preliminary results 
concerning solutions of equations of the form (—iV -I- A)'^u + Vu — Xu = 0 for some A G C \ <j{H). In Section 
3 we introduce two representation formulas making the connection between the Dirichlet-Neumann map 
associated with the previous equations and the couple (A, V) of magnetic and electric potential. Finally, in 
section 4 we combine all these results and we prove Theorem ll.il 

^Tliis argument was inspired by the Born approximation method of the scattering theory. 
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2. Notations and preliminary results 

In this section we introduce some notations and we give some properties of solution of the equation 
(—iV + A)'^u + Vu — Xu = 0. We denote by (/, 'ip) the duality between ip G and / belonging to the 

dual of However, when in (/, i/') both / and ip belong to i^(r), to make things simpler 

(•, •) can be interpreted as the scalar product of i^(r), namely 

(/>'0) = y' f{x)ip{x)da{x). 

We introduce the operator H defined as 


Hu := (-iV + A)‘^u + Vu, uG D{H) := {iP G H^{n) ; (-iV + A)‘^iP G . (2.3) 

Recall that H is associated to the quadratic form b given by 

b{u,v) = / (—iV + H)u(a;) • (—iV + dx + / V{x)u{x)v{x) dx, u,v G 

Jq Jq. 

Moreover, the spectrum of H is discrete and composed of the non-decreasing sequence of eigenvalues denoted 
by <j{H) = {Afe ; fc ^ 1}. If we write V = — V~, with := max(0,±R), we have that the spectrum 

a{H) of H is contained into [—||R“||ioo(n), -boo). According to [T31 Theorem 2.2.2.3], we can show that D{H) 
embedded continuously into iJ^(H). Therefore the eigenfunctions {(pk)k^i of that form an Hilbertian 
basis, are lying in H^{Q) and we have d^ipk\r ^ 

From now on, we fix / G and A G C \ (t{H) and we consider the problem 


{—iV + A)^u + Vu — Xu = 0, in H, 
u{x) = fix), X G r. 

We start with two results related to the asymptotic behavior of solutions of (12.4(1 as A —>■ — oo. 


(2.4) 


Lemma 2.1. For any f G and A G C \ there exists a unique solution u G H^(fl) to (12.41) 

which can be written as 

ctk 


ux 


:=u = E 


fc>i 


A — Afe 




where for convenience we set 


hk ■■= d,yipk\r, 


and 


Moreover, we have 


ll^>'llL2(n) — ^ 

fc>i 


Ofc 


|A — Afep 


oik ■■= {f,hk). 


as X ^ —oo. 


(2.5) 

( 2 . 6 ) 


Proof. Since A ^ cr(iJ), one can easily check that (12.41) admits a unique solution ux G H^(fl). Moreover, ux 
can be written in terms of the eigenvalues and eigenfunctions Xk,ipk- Indeed, ux G can be expressed 

in the Hilbert basis {ipk)k^i as 

Ux = y^Xux\(pk) <fk 

k^l 

with (•, •) the scalar product with respect to L'^{Q). Since ux G H^{n) and Aux = —2iA-\7ux + {—i diu(A) -|- 
|Ap + V)ux G L^(fl), we have Vux G Hdivi^l) = {v G L^(fl;C"’) : div{v) G L^(fl)}. Thus, taking the scalar 
product of the first equation in (12.411 with ipk and applying the Green formula we obtain 

{f,hk) = (A - Afc) {u\ipk), 
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which yields the expression given by (12.51) . The fact that ||m>,|| —>• 0 as A —>■ — oo is a consequence of the 
fact that we may fix cq > ||l^|li~(n) large enough so that if A is real and such that A ^ —cq, we have 
IA — Afcp ^ |co — Afcp for all fc > 1, and thus 

|A-Afc|2 - |co-Afc|2’ 

so that we may apply Lebesgue’s dominated convergence as A —>■ —oo. □ 

Lemma 2.2. For all X < — ||l^llioo(n) — 6 the solution u\ of (12.41) satisfies 

ll^^>llL2(n\ni) ^ l|rfA|li2(Q^) (2.7) 

with C depending only on it and fli. 


Proof. Let us denote by y € C((°(n,IR) a function satisfying y = 1 on Al \ A2i. Then, since Vma & Hdivi^), 
multiplying (12.41) by and applying the Green formula we obtain 


0= [ {-iV + AfuxX^uxdx + I (^ - A)x^ |ma|^ da; 

= / |xVuApda; + 2 / (xVua) ■ VyrtAda; 

JQ JQ 


( 2 . 8 ) 


+ / [2i(uAy)24 • UAVy + iyuA-d • yVuA + yVuA ■ lAyuAjda: + / {\A\'^ + V - X)x^ \uxf dx. 

JQ Jn 

Applying the Cauchy-Schwarz inequality we find 
||yVUA||i2(Q) + (— ||24||^oo(f2,Rr.) — l|l^llL°°(n) ~ IIX“A||i2(Q) 


^ 2 ||uAVy|| j;,2(f2) IlyVuAll+ 2 || A||lIxaiAllllaiAVyH^2 (q) + 2 || A||IIxmaH llx^rtAlli2(Q) 
< 4 |luAVy||^2(n) + + H^lli-in.R-) \\ xux \\ l2 ^ n ) + ll«AVy||i2(n) + 4 ||yMA|li2(o) 


+ 


llxV«A||^2(i,) 


From this estimate, we deduce 

+ (- l|4^1lL<»(n) - 6 l|Al||i..(o.R») - A) ||xr^A|li2(n) < 5 WuxVxWl^^^) ■ 

Using the fact that A < — ||l^|lioo(f 2 ) — 6 r")i obtain 

II^'“a||j;,2(o\Qj) ^ IIX^WA|li2(Q) ^ 10 ||uAVy||^2(f2) ^ 10 II Vy||j;^oo(-f;) l|r‘A||i2(f2j^) ^ C ||'UA||i2(f2j^) . 
From this estimate we deduce (lO) . 


□ 


It is clear that the series (1^ giving ux in terms of ak, Xk and ipk, converges only in Lf(fX) and thus we 
cannot deduce an expression of the normal derivative d^ux in terms of a^, Xk and hk- To avoid this difficulty, 
in a similar way to m, we have the following lemma: 


Lemma 2.3. Let f € iF^/^(F) be fixed and for A,/x £ C \ cf{H) let ux and be the solutions given by 
Lemma [KTX If we set v := vx.^l '■= ux — u^, then 


d.v = Y, 

k^l 


- X)ak 

iX-Xk)iti-Xk) 


(2.9) 


the convergence taking place in 
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Proof. Let v\^i^ := ux — u^\ One verifies that vx^^ solves 


{-\S/+ AYvx,^l. + Vvx,^l.-\vx,^l = {X-n)Ufj 


Since (u^|(/9fe) = ak/{pi — Xk), it follows that 


vx 




k>l 


= 0 , 

(A - ^)afc 

(Afe — A)(^ — Afc) 


in n, 
x€T. 


( 2 . 10 ) 




the convergence taking place in D{H). Since the operator v i—>■ d^v is continuous from D{H) into 

the result of the lemma follows. □ 

The next lemma states essentially that if for j = 1 or j = 2 we have two magnetic potentials Alj, two 
electric potentials Vj and Uj := solutions of 

(—iV + Aj)^Uj + VjUj — fjLUj = 0, 


in O, 

i{x) = fix), x€T, 


( 2 . 11 ) 


then and U 2 ,k, are close as /r —>■ —oo: in some sense the influence of the potentials Aj and Vj are dimmed 
when /r —>■ — oo. More precisely we have: 

Lemma 2.4. Let Vj G L°“(n,K) and Aj G lT^’°“(r2, M") be given for j = 1 or j = 2, and denote by Hj the 
corresponding operator defined by (j2.3p . We assume that condition ()l.lll is fulfilled. For f G iL^/^(r) and 
p. G (—oo, pA) C C \ cr{H), let Uj^^ := Uj be the solution of (12.111) . Then := — U 2 ./i G iL^(f2) converge 

to 0 in H'^in) as p ^ —oo. In particular di,z^ —>■ 0 in L'^iT) as p ^ —oo. 

Proof. Since the trace map v i-A d,yV is continuous from H^iLl) to L^(r), it is enough to show that G 
and ||-Z/i||i/2(n) 0 when p —>■ —oo. We Ak p < p^ with /r* < — ||l^||j;,oo(f 2 ) — 6 || less than the 

constants given by Lemma [2.11 for A = Aj, V = Vj, j = 1,2. Without lost of generality we assume that 
Hj — ptf is positive, j = 1, 2. One verifies that 2 ^ solves the equation 


i-iX/+ Ai)^Zfj, + ViZfj,-pZf, = - 2 i{A 2 -Ai) ■X7u2,f, + iP 2 -pi)u 2 ,fj., in O, 


z^x) = 0, 


a: G r 


( 2 . 12 ) 


with pj = —idiv{Aj) + \ Aj^ + Vj, j = 1,2. That is, denoting by = [Hi — pi) ^ the resolvent of the 
operator Hi := (—iV + Ai)^ + Vi, we have 


+ 00 


Zfj. = i?l,^(-21(^2 - Ai) ■ VU2./x + iP2 - Pi)u2,A = E 


iWfj.^Tl.k) 

^ (Ai,/c - p) 


Tl,k 


with w^i = -2i{A2 - Ai) ■ Vu 2 ,/i + (p 2 - Pi)u 2 ,ti and (Ai,fc)fc^i, i'pi,k)k-^i respectively the eigenvalues of Hi 
and an Hilbertian basis of eigenfunctions associated to these eigenvalues. Since G Lf{Fl), z^ is lying in 
D{Hi) and by the same way in H^{Ll). It remains to show that —>• 0 when p —>■ —oo. Since D{Hi) 

embedded continuously into 77^(12) there exists a generic constant C depending on Ai, Vi and Lt such that 

OO 

ll-^Atll ^ C'E! ~ P*\ ^ ^ ll'a’MllL2(n) ■ 

On the other hand, condition dm) implies 

ll'^MllL2(n) ^ C'(||Vu2,/i||^2(f2\ni) Il'*^2,/i||i2(f2)) 

with C independent of p. Then, according to Lemma [2.II and (12.71) . we obtain 

limsup||w^||^2(n) < C'limsup ||u2,^||^2(n) =0. 
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Thus, we have 

limsup < Climsup ||z^||// 2 (n) < Climsup =0. 

— ^—¥ — 00 fX—^ — OO 

This completes the proof. □ 

Armed with these results, we will prove Theorem 11.11 bv using some asymptotic properties of solutions 
of (j2.4ll with respect to A. For this purpose, like in [TnUmHH! we use representation formulas that will allow 
us to make a connection between the boundary spectral data and the potentials A and V. 


3. Representation formulas 


From now on, for all x = {xi ,..., x„) S C" and y = {yi,..., yn) S C", we denote hy x ■ y the quantity 

n 


and for all x € M" we denote by a;-*- the subspace of K" defined by {y € M" : y ■ x = 0}. Moreover, we set 
Aj S C^(n,R"), Vj G j = 1,2, and we assume that condition (11.11) is fulfilled. For j = 1,2 and 

A G C \ M, we associate to the problem 


f {-\S/+ AjYuj + VjUj-\uj 

1 Uj{x) 


0, in O, 
f{x), xGF 


the Dirichlet-to-Neumann map 

: H^{dVL) 3 / i-A (9,. + iAj ■ 


(3.13) 


where solves (I3.13|) . The goal of this section is to apply the Dirichlet-to-Neumann maps A^^a to some 
suitable ansatzs associated with (13.131) in order to get two representation formulas involving the magnetic 
potentials Aj and the electric potentials V,, j = 1,2. A similar approach was developed by [13] and 
[roiES] used the representation of M- The idea is to establish the link between the electric and magnetic 
potentials and the boundary spectral data by mean of an expression involving the Dirichlet-to-Neumann 
maps Ai^a, A 2 ,a- We start with two general representation formulas, stated in the next subsection, where 
some properties of the ansatzs will not be completely specified. This will allow us to clarify the main goal 
of these formulas. Then, in Subsection 3.2 we will introduce the remaining properties of our ansatzs and 
establish some asymptotic properties from our representations which will be one of the main points of our 
analysis. 


3.1. General representation formulas. In this subsection we introduce the first formulation of two rep¬ 
resentation formulas involving respectively the Dirichlet-to-Neumann maps Ai a, A 2 _a and some ansatzs 
associated with problem (|3.13l) . In [Tl], Isozaki considered such formulas for Schrodinger operators —/S. + V 
with an electric potential V, in other words for Schrodinger operators with a variable coefficient of order 
zero. In our case we need to extend this strategy to Schrodinger operators with both magnetic and electric 
potentials, which means an extension to Schrodinger operators with variable coefficients of order zero and 
one. In addition, we need to consider ansatzs that allow to recover both the magnetic field and the electric 
potential. Therefore, we consider some ansatzs, associated with (13.131) . of the form 

Cj S C”, x e O, j = 1,2 (3.14) 

with Q satisfying Q ■ Q = — A and with gi and g 2 respectively a solution of 

Cl ■ V 51 + (iCi ■ AAdi = C 2 ■ Vg 2 — (iC 2 ■ ^2,#)52 = 0 (3.15) 

with Ajj some smooth function close to the magnetic potential A^-, j = 1,2. More precisely, we fix ? 7 i ,?72 G 
= {y G M”, |y| = 1} and we define A^j G C^(K",]R"), j = 1,2, some smooth approximations on 
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of Aj. Then, we set = i-\/A? 7 i, C 2 = and we consider solutions of the transport equations (13.151) 

given by 

fO 

gi{x) := g 2 (x) := b 2 {x)e~'^'^^'^'>, tpjix) ■= - Vj ' + sgj)ds, 772 ■Vb 2 {x) =0, x e R". 

J — 00 

Therefore, we consider ansatzs associated with (13.131) taking the form 

$i,a(x) := $ 2 .A(a;) := a; S fl. (3.16) 

We assume in addition that &2 G and we recall that ipj solves the equation 

rij ■ V 7 /’j(a;) = -gj ■ j = 1, 2, a; G R”. 

For the time being, we consider general ansatzs of the form (13.161) with the properties describe above. 
Additional information about the parameter A, the function A^- jj, the vector 77 ^, j = 1 , 2 , and the function 62 
will be given in Subsection 3.2. In a similar way to [in Ha [13 [131 EH EH! , in the construction of our ansatzs 
we consider some smooth approximations of the magnetic potentials instead of the magnetic potentials to 
obtain sufficiently smooth functions d>j,A, J = 1,2. Using this approach, we can weaken the regularity 
assumption imposed on admissible magnetic potential from to C^(U). Further, for j = 1, 2, we put 

S'j(A, 771 , 772 ) = (Aj_a$i,a,^’ 2 ,a) = y (Aj_A$i,A)$ 2 ,A(a;)dcr(x). (3.17) 

In other words, we apply A^-^a, J = 1,2, to ansatzs of the form (13.141) with Ci = ^VXgi, C 2 = —iV^g 2 , 
gi = and 52 = 626 “’’^^. We recall that quantities similar to Si and S 2 have also been used by [mill El 

ElEllllllllSnj- Let us also mention that, like in [II El, the ansatzs (13.161) do not depend on the potential 
Ui and V 2 which are coefficients of order zero of the equation (13.131) . On the other hand, the ansatzs (13.161) 
depend on the magnetic potentials Ai and A 2 which are coefficients of order one of the equation (13.131) . By 
modifying the construction of [HEl with the new expression gj, j = 1, 2, we will extend the approach of 
El El to Shrodinger operators with magnetic potentials. From now on, for the sake of simplicity we will 
systematically omit the subscripts A in d>j_A, j = 1, 2, in the remaining of this text. In view of determining 
the behavior of Si — S 2 , as fiA —>■ + 00 , we introduce the following representations associated with Si and S 2 - 


Proposition 3.1. For all A G C \ R and 77 ^ G S" j = 1,2, the scalar products 5”^ (A, 771 , 772 ) have the 
following expression 

S'i(A,77i, 772) 

= 2yA [ 772 • (Ai - 
Jn 

+ [ (Ui 

Jn 


-i J e''^(’'i-’'^)-^e‘(’^i(“)-’^=(“»(52'/A??2 + 62V7/;2 + iV 62 + 62Ai)-i7da(x) 

- j [{Hi - A)-i (2^X771 • (Ai - Ai,a) + gii) $1] (2VA772 • (Ai - A2,#)62 + Vib 2 - qu) e-'^'^^^'^e-'^^dx, 


(3.18) 


<S'2(A,77i, 772) 

= f \2VXg2 ■ (A2 - Aa.ti) + U2 - 922! 

Jn L 

-i [ + 52V7/72 + iV62 + 62A2) • iyda{x) 

Jan 

\{H 2 - A)-i (2^X771 • (A2 - Ai,t)) + 921) $1] (2^X772 • (A2 - A2,t))62 + P262 - g22)e-‘'^''='"e-‘’^=dx. 


In L 
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(3.19) 

Here we denote by qn, qi 2 , q 2 i, 922 the expressions 

qii = —idiv{Ai) + \ Ai 1^ + Vi (x) + 2Ai ■ V?/’! — iAipi + | VV'i , 

912 = A 62 — 2i\7tp2 ■ V 62 — 2 iV 62 • Ai + iA -!/;2 — |V' 02 |^ — 2 V '02 ■ Ai — idiv{Ai) — 62 , 

921 = —idiv{A2) + 1 ^ 2 !^ + ^' 2 ( 0 ;) + 2 A 2 • V'01 — iAipi + |VV'i|^ , 

922 = A 62 — 2 iVV '2 • V 62 — 2 iV 62 • A 2 + (^—iA'tlj2 — |V' 02 |^ — 2 V '02 • ^2 — idiv{A2) — 1 ^ 2 !^) & 2 - 

Moreover, Hj, j = 1, 2, denotes the selfadjoint operator (—iV + Aj) + Vj acting on with domain 

D{Hj) = { 1 ; G Hl(yi) : (-iV + Aj)v G 

Note that formulas (j3.18ll - (j3.19l) contain expressions involving the magnetic potentials Ai, A 2 and the 
electric potentials Vi, 1 ^ 2 , expressions on the boundary and expressions described by the resolvent {Hj — 
A)“^, j = 1,2. Using condition (II. ip one can check that the expressions on 50 of ^i and S 2 coincide and 
applying the decay of the resolvent {Hj — A)“^, j = 1, 2, as 3X —>■ +00 we will show in the next subsection 
that, for some suitable choice of our ansatzs, the expressions 

- [{Hi - A)-i (2VT771 • (Ai - Ai,tt) + 911) $1] ( 2 vT ?72 • (Ai - Al2.#)62 + lh&2 - 912) e-''^^^-^e-'^^dx, 

- [{H 2 - A)-i ( 2 ^X 91 • (AI 2 - Ai,tt) + 921 ) $ 1 ] ( 2 vT 92 • (AI 2 - ^ 2 . 0)62 + U 262 - q 22 )e-^^^^-^e-^^^dx, 

vanish as fJA —> +c». Thus, what will remain in the asymptotic expansion of Si — S 2 -, as fiA —>■ + 00 , will 
be two expressions involving Ai — A 2 and Vi — V 2 - These two expressions, that will be given in the next 
subsection, are one of the main ingredients in our proof. The remaining of this subsection will be devoted 
to the proof of ProDOsition l3.ll 

Proof of Proposition 13.11 Let us first remark that the expressions (I3.18D - (I3.19I) correspond to some 
asymptotic expansion of the expression Sj, j = 1,2, with respect to a/Aq We will prove (13.181) - (13.1911 by 
combining properties of the ansatzs (13.141) . with properties of solutions of ()3.13l) when / = d*!. This proof 
will be divided into two steps, first for Si then for S 2 - We start by showing that for j = 1,2 and / = $1 
problem (13.131) admits a unique solution Uj G H^{fl) taking the form 


= $1 - {Hi - xy 

U2 = $1 — {H2 — A) 


2'/Xr]i ■ {Ai — Ai^y + 9ii 
2'/Xr]i ■ {A2 — Ai^y + 921 


^ 1 , 


$1 


(3.20) 

(3.21) 


Then, combining these formulas with the properties of the ansatzs (13.1411 and applying the Green formula, 
we derive p.l8ll - (|3.19|) . 

We start with the expression of Si{X,r]i,r] 2 ). Let us first prove (13.2011 . Recall that 
(—iV -I- AiYu + Viu — Xu = —Au — 2iyli • Vm + qu — Xu 
with q{x) = —\div{Ai){x) -\- \Ai{x)\^ + Vi{x). Therefore, in light of (13.161) we have 
(—iV -t- Ay^^i 4 - Vi4?i — Adii 

= (A -I- 2-\/X?7i • V^i — lAipi + |V^i|^)<I)i -I- {2^/Xr]l ■ Ai + 2Ai ■ V^i)$i -I- 9<l’i — A$i 
= 2V^(9 i • X/tjji + T]i ■ Ai)$i -I- 9ii$i 

with qii = q + 2Ai ■ Vt/ji — iA-ipi + |V'0i|^. On the other hand, since ^i satisfies rji ■ X/ipi -I- 91 • Ai_jj = 0, we 
deduce that 


(—iV -l- Ayy^i -\- Vi$i — A$i — 2 y/Xr]i ■ {Ai — Ai^y -)- 911 


$1 


(3.22) 


'^This statement will be clarified in the next subsection where we will give additional information about the parameter A 
and the vectors 771 , 772 . 
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Now consider ui the solution of 

(—iV + + ViUi — Aui = 0, in O, 

ui{x) = X G 

Note that, with our assumptions one can check that D{Hi) = -ffo(O) fl In view of (13.221) . we can 

split ui into two terms mi = + vi with vi the solution of 

$ 1 , in O, 

X G dVL. 

Then, ui G take the form (13.201) . Using this formula we will complete the proof of (13.181) . Since 


f (—iV + Ai)‘^v\ + ^/lV\ — Xvi — — 

2\fXr]i ■ {Ai — Ai 0 + gii 

1 ^i(^) = 0, 



(3.23) 


(3.24) 


Si= [ (d^ + Ui • z/)ui(a;)e-‘^''^'“62e"'^=(“)d(7(a;), 

Jdn 

from (I3.17|) . applying Green formula, we get 

Si= J div ((V + iAi(x))wi(x)e-‘'^''^'“ 62 e-'^=(“)) dx 

= [ (V + iAi)2itie-‘^’'=-^62e"‘’^=da;+ f (V + iAi)Mi • (V - Ui)e-‘'^’'=-^ 62 e"‘’^=da;. 

Jq Jn 

Doing the same with the second term on the right hand side of this formula, we find out that 

/ (V + iy4i)wi • (V - iAi)e-^'^^^-^b2e-^^^dx 
Jn 

= -iy ui(a;)e“‘'^''^''^e“‘'^^(v^ 62 r ?2 + & 2 VV '2 + iV 62 + ^ 2 ^ 1 ) ■ i^do-(a:) 

- f ui{x){\7 -iAife-^^^^-^b 2 e-^^^dx. 

Jn 

In light of (13.161) and the identity Ui|r = 4)i, this entails 

JqIV + i^i)ui • (V — iAi)e~^'^^^'^b2e~'^^dx 

= -i/p + b 2 Vi/j 2 + iVb 2 + 62 ^ 1 ) • lyda(x) 

- ui(x)(V - iAife-^^^^-^b 2 e-^^^dx. 

Moreover, one can check that 

(V - iAli)2e-‘^’'=-"62e-‘^= = (-A &2 - 2VA(v2 ■ VV '2 + Ali • m)b2 - 2isf\r]2 ■ V &2 + 912 ) 

with qi 2 = A 62 — 2 iVi/) 2 -V 52 — 2 iV 52 -^i + iA ^2 — |V' 02 |^ — 2 V '02 ■ Ai — idiv{Ai) — 62 . Combining 

this with the fact that '02 satisfies 772 ■ V 02 + 772 • ^ 2 ,tl = 0 and 62 solves 772 • V 62 = 0 , we deduce that 

(V - iAi) 2 e-'^’'=-" 62 e-‘'^= = ([-A - 2^772 • (Ali - Al 2.#)]62 + ( 712 ) 

Therefore, we find 

^(V + Ui)iti • (V - iAi)e-‘^’’"-^ 62 e-‘’^"da: 

= -i/p + & 2 V 02 + iV 62 + 62 ^ 1 ) • i2da{x) 

- Ui(x) (^-Xb 2 - 2\/Xt] 2 ■ {Ax - ^2,0^2 + 912 ) e~^'^^^'^e~^'^'^dx. 

Then, from (13.201) we get 

/ (V + iAi)ui • (V - Ui)e-''^''^'“ 62 e-'’^=dx 
Jn 
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+A [ uie-''^''='“62e-'’^^da: + 2 vT [ 7^2 • (Ai - 
Jn Jn 

Jn 

— J [{Hi — A) ^ ( 2 '/X'r]i ■ {Ai — Ali jj) + gn^ $1] (^ 2 '/Xri 2 ■ {Ai — A 2 _jj )&2 ~ 912^ e ^'I’^dx. 

(3.25) 

Next, taking into account the fact that (V + iAi)^ui = {Vi — X)ui in fi, we obtain 
/j.j(V + iAi)^uie“‘'^''2'“62e“'^^(ia: = f^iVi — X)uie~'^^^'^b 2 e~"^^dx 

= -A f^uie-^^^^-^b 2 e-^^^dx + 

- In [(^1 - (2v^^i ■ (^1 - ^i.tl) + 911) ®i] e-''^''='"62e-'^= 

Finally, we deduce (I3.18p from (I3.24I1 - (I3.25F 

Now let us consider (13.191) . For this purpose, we start by proving formula (13.211) . In a similar way to 
(I3.20F we have 

(—iV + A2)^^i + V2$i — Ad>i = 2 '/\{r/i ■ V^i + A2 ■ t/i)<S?i + 521^1 

with 521 = —\div{A2) + |^2|^ + 1^2(21) + 2^2 • V^i — iA'f/ji + iVi/jil^. Then, since ipi is a solution of 
r]i ■ X/ipi + r]i ■ = 0 , we deduce that 

(—iV + A 2 )^^i + V 2 d?i — Ad>i = ^ 2 '\/A 77 i ■ {A2 — 4 li^jj) + 521^ ‘hi- 

Moreover, one can check that the solution 1x2 of 


(—iV + ^2)^112 + IA2U2 — Am 2 = 0, 




1 X 2 (x) = ‘hl(x), X € dil 

is given by ( 13 . 211 ) . Repeating our previous arguments, we deduce 

82= [ (V + iA2)%e-''^''‘‘-“62e"'^=dx+ [ (V + ^2)1x2 • (V - i 242 )e-''‘^’'=-“ 62 e"‘'^^dx. ( 3 . 26 ) 

O <7 0 

On the other hand, using the fact that ip2 is a solution of the equation 772 • V'02 +172 • 4I2,# = 0 , we get 

/ (V + ^2)1x2 • (V - iA2)e-^'^'^^'^b2e-^'>’^dx 
Jn 

= -ij e‘'‘^(’'‘-’'^)'"^e'(’^‘(“)-’^^(“»(vT62??2 + 62Vi/;2 + iV62 + 52 ^ 2 )-i^dff(x) 

- J U2{x) (^-Xb2 - 2'/Xr]2 ■ (^2 - ^2.tt)&2 + 922) e~'^‘^^''"e~''^^dx ( 3 . 27 ) 

with 522 = A62 —2iVi/72-V52 —2iV52-^2+ (^—iAij;2 — |V'02|^ — 2V'02 • ^2 — idii;(^2) — |^2|^^ ^2- Combining 
this with (I 3 . 21 I) - (I 3 . 26 |) and repeating our previous arguments we obtain () 3 . 19 l) . □ 


3.2. Asymptotic properties of — S 2 and representation formulas for Ai — A 2 and Vi — V 2 . In 

this subsection we will apply formulas (j3.18[) - (j3.19[) in order to derive two expressions involving Ai — A 2 and 
Vi — V 2 from the asymptotic expansion of — 52 , as 3A —>■ + 00 . For this purpose, we start by specifying 
our choice for the parameter A, the function Aj jj, the vector 17 ^, j = 1,2, and the function 62 appearing in 
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(13.141) . Let us first define the parameter A and the vectors rji, 172 . We consider an arbitrary ^ G R" \ {0} and 
pick 77 G such that 77 • ^ = 0. Then, for r > |^| we put 


Br = Jl - ? 7 i(r) = BrT] - 772 (r) = Brij + ^ and A(t) = (t + ^)^ 


(3.28) 


(3.29) 


in such a way that 

V^(??i - V 2 ) -t -Cl as T + 00 , 

—y “hoo, cls t —y “hoo, 

^ 9-\/A77i, 3-\/A772 are bounded with respect to t > |C|. 

In order to get a suitable expression of the functions we first need to extend identically the magnetic 
potentials Aj, j = 1,2. For this purpose we set fl an arbitrary open bounded set of R" such that O C fl and 
we define Ai G CQ(fi,R") such that = Ai. Then, we dehne A 2 by 

A j ^ ^ 

^ ( ^i(a^), for a; G fi \ n. 

In view of (11.11) . it is clear that A 2 G CQ(fi,R"). We define the functions G C()°(R";R"), j = 1,2, by 


■= XS * Aj{x) = xs{x- y)Aj{y)dy, 


/B" 


where xs{x) = S "x((5 ^x), with ^ > 0, is the usual mollifer with y G C“(R"), supp(x) C {cc G 
X ^ 0 and ydx = 1. From now on we set S = t~ 3 and we recall that 

= - / Vj- + sT]j)ds. 

J —00 

exp —i / 772 ■ ^D(a: + sr] 2 )ds I e““^ 


|x| < 1 }, 


We set also 

b2{x) =e‘‘^'^77-V 

where Ajj = ^ 2 ,# - w = G 77 ^, = i/l - 


i^,and 


(3.30) 


h{x) = • V 

Here y G H 77 -*-, 1 / • V denotes the derivative in the y = {yi,... ,yn) direction given by 

n 

= ^V3dx, 

1=1 

and A is the function defined by A 2 — Hi on H extended by 0 outside of H. Note that, in view of condition 


exp ( —i / 77 • A{x + srj)ds j e , 7 /;(x) = / 77 • A{x + sri)ds. 

V Jm. ) . J —00 


(EH) we have A G Cq(H). Since Aj G C, 




we hnd 


^ 11^1.t) ^i|Il~(r") ^C5 — Ct 3 (3.31) 

with C depending on H and any M ^ max On the other hand, one can check that 

a G N” \ {0}, (3.32) 


i°i-i 




where C depends on O and any M ^ max ||H 

1 = 1,2 


3 II wc- 
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Remark 3.2. Let us observe that, our anstazs are related to the principal part of the complex geometric 
optics solutions of EH and the extension of this construction to magnetic Schrodinger operators by [ni[T7i 
[IHlllllMllSn]- Nevertheless, in contrast to the complex geometric optics solutions of El], the large parameter 
of the ansatzs (13.141) . that will be send to +oo for the uniqueness result, is given by where the parameter 
X appears explicitly in (13.131) . This makes it possible to construct ansatzs bounded with respect to the large 
parameter and to use the resolvent {Hj — j = 1 , 2 , for the construction of a remainder term that admits 

a decay with respect to the large parameter 'HX. Moreover, in contrast to the geometric optics solutions of ED, 
whose principal parts take the form (13.141) when Q ■ Q = 0, our construction is not restricted to dimension 
n ^ 3. Indeed, the vector Q, j = 1,2, that we consider in the present paper are subjected only to the 
condition (13.291) . already considered by [14j . which requires only the two orthogonal vectors rj and f appearing 
in (13.281) . For this reason, in contrast to the construction of [31j. that requires three orthogonal vectors, our 
construction works also for n = 2. 

From now on, our goal is to derive from (I3.18D - (I3.19I) two formulas from some asymptotic properties of 
S'! — 5'2 as T —>■ + 00 . For this purpose we need the following intermediate result which follows from (13.311) 
and (13.3211 . 


Lemma 3.3. Let the condition introduced above be fulfilled. Then, we have 


sup ||62||i= 
T>|C|+i 


< oo 


and 


Proof. Note first that 


lim b 2 {x)=b{x), lim ifi{x) — ip 2 ix) =-iplx), x€ 

T—¥-\-00 T—¥-\-00 


(3.33) 

(3.34) 


hix) = ^-iw ■ y -i J r ]2 ■ y ■ V A^{x + sr] 2 )ds^ exp ^-i J 772 • A^{x + sri 2 )ds^ . (3.35) 

On the other hand, we have |w| ^ 1 + ICI and, since A 2 — A 1 is compactly supported and A 2 — £ Cq (K", M"), 

we find y ■ VAj = xs * {y ■ V(A 2 — ^i))- Therefore, we obtain 


^ 1 + |<^| + CM 

From this last estimate we 


ll^2|lLoo(Rn) < 1 + |,CI + C' ||X5|li,l(Rn) ||y ’ V(^2 “ 
with C a generic constant depending only on O and M ^ max , 

J —1,2 , 

deduce (13.331) . Now let us prove (13.341) . Since Ax and A 2 coincide outside of Ft, we have A 2 — Ax = A. 
Therefore, we deduce that A^ = xs * A and 

\y ■ VAtj(a; + 3772 ) - y ■ \7A{x + 377 )! < \y ■ \7A^{x + 3772 ) - y ■ VAjj(a; + sri)\ + \y ■ \7A^{x + sp) - y ■ VA{x + s? 7 )| . 

(3.36) 

The second term on the right hand side of this estimate can be rewritten as 

y ■ VAjj(x + srf) — y ■ VA{x + 377 ) = xs *[y ■ F/A\{x + 377 ) — y ■ VA{x + 377 ) 
and since A G C'g(R"'), we get 

lim 7 /• VAu(a; + 377 ) — 7 /• Va1(x + 377 ) = 0, a; G K", s G K. (3.37) 

T^ + OO 

For the first term on the right hand side of (13.361) . using the fact that for r sufficiently large we have 


and applying (13.321) . we get 

jy ■ \7A^{x + 3772 ) - y ■ VAj(x + 377 )] ^ ||Au||^ 2 ,. 


\s{v-Vi)\ ^ C'| 3 |t 3 
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with C depending on O, Ai and ^ 2 - In view of this estimate we have 

lim y ■ \7A^{x + S 772 ) — y ■ VAAx + sy) =0, x G R", s G R. 

T^ + CXD 

Combining this last result with (I3.36I) - (I3.37I) . we get 

lim y ■ VAf^{x + sy) = y ■ VA(x + sy), a; G R", s G R. 

r—>-+oo 

Then, using the fact that supp(Ajj) C Id + {a; G R” : |a:| ^ 5} and (I3.32I1 . by the dominate convergence 
theorem we get that 

lim / y ■ \7A^{x + sri 2 )ds = / y ■ A{x + sr])ds, x G M". 

T-S- + 00 Jg 

Putting this together with (13.351) and the fact that w —772 —>■ 17 as r —>• + 00 , we obtain 

lim b 2 {x) = ( —i^ • y H—i / rj ■ y ■ VA{x + sri)ds I exp ( —i / rj ■ A{x + sr])ds ) = 6(x), x G R". 

V Js. J \ Jk ) 

Using similar arguments we deduce that 

lim il}i(x) — %l) 2 ix) = il^ix) = / rj ■ A{x + sr])ds, x G R”. 

7-00 

This completes the proof of the lemma. □ 

Applying (j3.18|l - (j3.19|l . (j3.31|) - (l3.34|l and sending r —>• + 00 , we obtain our first formula involving the 
magnetic potentials Ai, A 2 . 

Proposition 3.4. Fix ^ G R" \ {0} and rj G such that 77 • ^ = 0. Let X, rji and 772 be defined by (|3.28l) 
and let 62 be defined by (13.301) . Then, we have 

= 2 / 77 • (Ai - A 2 )e-‘«-" 5 e'’^(")dx. (3.38) 

Jn 

for all x G O, 


lim 


^1-^2 


r-).+oo 

Proof. With reference to (j3.16|) and (j3.28|) we have |$i(x)| = and 


hence ||$i||i 2 (f 2 ) = /n ^ and 

in view of (|3.28|) . we have the estimate 


,—iVXr]2-^ 


L2(n) 


^ since I 771 I = I 772 I = 1. Moreover, 


= J = l,2. 


IK^J- IIbcl^ch)) dist(A,a(i7,)) |3A| 2r 

In addition, in light of (13.321) . we get 


Uj 


<^CS = Ct^, \\bfi 


< C5^ = Ct^ 


with C a generic constant depending on fl and Aj, j = 1, 2. Putting these estimates together with (11.11) . 
(I3.18I) - (I3.19I) and (13.311) , we deduce that 

^ 1-^2 




= 2 / 772 • (Ai - + O (t-^) . 

Jq T-J. + 00 V / 


Combining this with (13.291) . (I3.33I) - (I3.34D and applying the dominate convergence theorem we deduce (13.381) . 

□ 

Using similar arguments and assuming that the magnetic potentials are known (Ai = A 2 ), we obtain 
our second formula involving the electric potentials Ui, 1 ^. 
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Proposition 3.5. Assume that Ai = A 2 . Fix ^ G M" \ {0} and 77 G S” ^ such that 77 • ^ = 0. Let X, 771 and 
772 be defined by (|3.28l) and 62 = 1. Then, we have 


lim 81 - 82 = f (Vi - V 2 )e-^^'^dx. 

Jn 


(3.39) 


Proof. Note that for Ai = A 2 we have qu — Vi = q 2 i — V 2 , qi 2 = < 722 , ^ 1 ,# = ^ 2 ,#- Therefore, we deduce 
that (I3.18I) - (I3.19D imply 

81 - 82 = f {Vi - - / [^ ((^1 - - {^2 - X)-^) Qi] Q 2 dx 

Jn Jn 


In 


VX{Hi - A)-iQil Vie-^'^'^^-^e-^^^dx - / \VX{Hi - Q2dx 


In 


- / [{Hi-X)-^Vi<i>i]Vie-'^^^-^e-'^^dx+ / \VX{H2 - Xy^Qi 


^26 


-iV\ri 2 -x -iip 2 


(3.40) 


dx 


+ 


m ■- 


VX{H 2 - X)-W 2 ^i] Q 2 dx + [ [{H 2 - X)-W 2 <^i] 


where 


Qi = 2771 • (All - Ai,„)<hi + (gii Q2 = (^2772 • (Ai - All.#) - 

On the other hand, since H 2 — X = Hi — X — {Vi — V 2 ), for r sufficiently large we have 

(Hi - A)-i - {H 2 - X)-^ = {Hi - A)-i (id - (Id - (Vi - V2 ){Hi - A)-i)-^) 

00 

= -{Hi - A)-i ^ ((Vi - V2 ){Hi - X)-^f . 

fc=i 

Combining this with the fact that 3A = 2r, |A| ^ |t^ ~ 1| + 2t, and the fact that 


1(^1-A) 


- 1 1 


lB(L2(n)) 


+ ||(Pl-I^2)(i?l-A) 


-11 


€ 


C C 


BH^m - \JX\ 2t 


with C depending only on Vi, V 2 and O, we deduce that 

>[^l+i ~ ~ ~ WsH^n)) < 

In addition, (I3.31D - (I3.32I) imply 

Jin^ IIQillL~(n) = IIQ2|li.»(n) = «. 
Putting this result together with (I3.29II . (|3.40l) - (|3.41l) . we obtain 


(3.41) 


lim sup 

T—>-+00 


{81 -82)- [ {Vi - 

Jn 


= 0 . 


On the other hand, repeating the arguments of Lemma 13.31 we hnd 

lim 'tpi{x) — ip2{x) = 'ip{x) = 77 • a1(x + sr])ds = 0 

+ 7-00 

since Ai = A 2 . Thus, applying the dominate convergence theorem we obtain 

lim / / (Pi - P 2 )e"“'^(icc 

r-l+oo Jn 


and we deduce (13.391) . 


□ 


Armed with formulas p. 381) - p. 391) . in the next section we will complete the proof of Theorem ll.il 
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4. Proof of the main result 


This section is devoted to the proof of our main result. In all this section, for j = 1 and j = 2, we 
consider two magnetic potentials Aj and electric potentials Vj satisfying the assumptions of Theorem 11.11 
and we denote by Hj the associated operators defined by (12.1111 for A = Aj and V = Vj. Let be 

a sequence of eigenvalues and eigenfunctions of Hj. In order to prove Theorem ll.il in light of (jd.d8|l - (jd.d9|l . 
we prove first that the condition 

■S'i(A(T),?7i(r),?72(T)) - 5'2(A(T),?7i(r),?72(T)) ^ ^ ^ 2 ) 

\/A(r) 

implies dAi = dA 2 . Then, we show that for Ai = A 2 the condition 

lim 5 'i(A(r),? 7 i(T),? 72 (r)) - 5 ' 2 (A(r),r;i(r),? 72 (r)) = 0 (4.43) 

T—>- + 00 

implies Vi = V 2 . Finally, we complete the proof by proving that condition (ll.ll) - (ll.2D imply (I4.42I) - (I4.43I) . 
We start by proving that (|4.42l) implies dAx = dA 2 . 

Lemma 4.1. Let r]x{T), 172 (t) and A(t) be fixed by (13.281) and 62 be defined by (13.301) . Assume that (14.421) 
is fulfilled. Then, we have dAi = dA 2 . 

Proof. Combining (14.421) with (13.381) we deduce that for all ^ G R" \ {0}, 77 G satisfying 77 • ^ = 0, we 

get 

f r]-{A2- = 0 . 

Jn 

Here b takes the form 

b{x) = e^^'^y ■ V exp i J y ■ A{x + srfjd^ 
with y G (~l 77 -*-. Then, applying Fubini’s theorem, we obtain 

0= / rj ■ A{x)e-'^^-^b{x)P^^^Ux = f [ y ■ A{x'+ tr])P^<'^'+^^'^b{x')e-'^^-^'dtdx'. 

Here we use the fact that b{x) = b[x — {x ■ 77 ) 77 ) and ^ • 77 = 0. On the other hand, for all x' G and t G R, 
we have 

77 • A{x' + tT])e^'^^^ = 77 • A{x' + ty) exp j y ■ A{x' + sy)ds'^ = —idt exp ^ J y ■ A{x' + sy)ds'^ . 

Therefore, we find 


f y ■ A{x)e '^'^b{x)e"^^^'^dx = —i f f c?* exp A f y ■ A(x'+ sy)d. 
Jr'^ Jr}-^ .Jr \ J—00 


's dt 


b{x')e-^^-^'dx' 


\j exp ^i J y ■ A{x'+ sy)ds\ — 1 b{x)e dx . 


It follows 


exp i / 77 • A{x' + sy)ds I — 1 


b{x')e-^^-^'dx' = 0. 


(4.44) 


We hx i,j G {l,..., 7 r} such that i < j and we assume that ^ G {^ = (Ci,.-.,^n) : fi 7 ^ 0}. We can 
choose 77 = and y = Here (ei,...,e„) is the canonical basis of R" defined by 

ei = (1,0,..., 0),..., e„ = (0,..., 0,1). Then, (14.441) implies 
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Integrating by parts we get 
—i 


[ i^jV '■ yaj{x))e =—i ( ( f rj ■ y ■ \7A{x'+ sri)ds\ e ^^'^dx '=0 

JR" J?7-L V-'r / 


\[W^: 

with A = (oi, ... ,an)- Integrating again by parts, we find 


/( 




yi 


\J 




(0^* ^dx 

{(jy ■ Va^{x) - ^iy ■ Vaj{x))e~"'^'^dx = 0 


and it follows that for all ^ € {^ = (^i,... ^ 0} we have T[dxjai — dxiaj]{^) = 0. On the other 

hand, since dx^ai — dx^aj is compactly supported, T^dx^ai — dxiO-j){^) is continuous in ^ G R” and it follows 
^{dxjCii — dxiCLj) = 0 on K". From this last result, we deduce that dx^ai — dx^aj = 0 which implies that 
dAi = dA2. □ 

Now assuming that Ai = A 2 , we show in the next lemma that (I4.43P implies Vi = V 2 . 

Lemma 4.2. Let ? 7 i('r), ?72(7') o-nd A(r) he fixed by (13.2811 and 62 = 1- Assume that Ai = A 2 and (14.431) is 
fulfilled. Then, we have Vi =¥ 2 - 

Proof. Fix ^ G K" \ {0} and choose rj G (~l Fix also 6=1. Thus, combining (I3.39|) and (14.4311 . we 
find 

[ V{x)e-^^'^dx = 0 
Js." 

with V = Vi — V 2 extended by 0 outside of O. It follows that Fl = V 2 . □ 

According to Lemma l4Tl 14.21 the proof of Theorem 1 1.1 1 will be completed if we show that conditions (jl.2ll 
imply conditions (14.421) . (14.431) . For this purpose, we adapt the approach of (TB] to magnetic Schrodinger 
operators. Let / G H^fT) being fixed, with the notations of Lemmas 12.11 and we denote by := 

~ the solution of ( 12.1011 where V is replaced by Vj and A by Aj. We fix also hj^k ■= diy(pj^k^Y 
aj^k ■= if, hj^k)- Recalling that in Lemma [213] we have set — U 2 ./i, in a similar way to [H], writing 

the above identity for j = 1 and j = 2, applying cu and then subtracting the resulting equations, we end 
up with a new relation, namely 

{d,, + iAi • i^)ui,A|r “ • * 2 ) 112 ,A|r = “ ^ 2 ) ■ vf + d,,ui^x - d„U 2 ,\ 

— h)i/Z^ + di/V 2 ,x,fi. 

Now let us set 

Fj[X,fi,f) := 9i/i’j,A,;i|p, j = 1,2. 

According to (12.91) . we have 

+00 r 


(4.45) 


F(A, y, f) := Fi(A, /) - A2(A, yf)=Y. 


/c=l 


(/I - A)ai,fc 


■ 61 ,fc — 


(/I - A)a2,fc 


l2,fc 


. (4.46) 


_ (A — Ai,fe)(/i — Ai,fc) ’ (A — A2,fc)(/i — A2,fc) 

Consider the following intermediate results. 

Lemma 4.3. Let 771 , 772 , A be given by (I3.28|l . Consider ^j, j = 1,2, with $1 introduced in the previous 
section and 4>2 = e~'^‘^^'^b 2 e~''^^, where 62 is defined by (I3.30p or 62 = 1. Then, we have 


sup^ 


T>1 


/c=l 




Aj,/c A 


< 00 , 


sup^ 


T>1 


/c=l 


($ 2 , 62 ,fe) 


A2,fc — A 


< 00 , j = 1 , 2 . 


(4.47) 
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Proof. We start with the first estimate of (14.471) for j = 1. According to Lemma [2.11 the solution mi > of 
(12.41) for / = $ 1 , A = Ai and V = 14, is given by 


(‘hi, hyfc) 

= 1^ A-A 


k=l 


l,k 


Therefore, we have 


On the other hand, in view of (13.201) . we have 


k=l 


(‘hi, hi^k) 


Ai,fc — A 


(4.48) 


II^i.aII 


L2(n) 


^ 11‘hil 


L2(n) 


y/XiHi - A)-i 


2?7i • (^1 - ^1,#) + ^ 


L^n) 


Here qn is the expression introduced in Lemma l3.II Combining this with the fact that 


VX{Hi - A)-i < 

BiL^n)) 

and the fact that, according to (I3.31I) - (I3.32I) . we have 


k + i| 
|3A| 


k + i| 

2r 


^ 1 


lim |l? 7 i • (Ai - Ayu)|| 

•^+oo 


L-in) = 


gii 

Ta 


= 0 


L“(n) 


we deduce the first estimate of (14.471) for j = 1. In a same way, for j = 2 using the fact that according to 
(13.321) we have 

(-iV + A2)2$i + H2$i-A$i= O (r) 

r—>-+oo 

and repeating our previous arguments we deduce the first estimate (I4.47p for j = 2. For the second estimate 
of (14.471) . repeating the previous arguments we find 

(—iV + A2)^‘h2 + V2‘h2 ~ A $2 = (iV + A2)^‘h2 + V2‘h2 ~ Ad>2 = O (r). 


r^+oo 


Combining this estimate with the fact that 


(‘h2, h2,fe) 


(‘h2, h2,fe) 

A2,fc — A 


A2,fc — A 


since \ 2 .k £ R, we deduce the second estimate of (14.471) by repeating the above arguments. 
From now on we set 

G(A,ai,$i,$2) := (J^(A,ai,$i),$^) 

(‘hi, 4*2) (^1, h 2 ,fc) (h 2 ,fe, ‘h 2 ) 

(A — Ai_fc)(^ — Ai^fc) (A — A2,fc)(/^ ~ A2,fc) 


□ 


+ 00 




k=l 


Combining estimates (I4.47P with Lemma 4.3, 4.4, 4.5 of [TB], we obtain the following. 

Lemma 4.4. Let the conditions of Theorem 17.71 be fulfilled and let 171 , 172 , A be given by (13.281) . Then, 
G(A,/i, $1, $2) converge to G*(A, $1, $2) as ^ ^ —00 and G*(A, $1, 4 > 2 ) converge to 0 as t ^ +00. Here 
we consider both the case 62 given by (13.301) and the case 62 = 1- 

Armed with Lemma 14.41 we are now in position to complete the proof of Theorem ll.il 
Proof of Theorem 11.11 Note first that according (14.451) . for M = ||14||ioo(Q) + lll^llioo^Qp we have 
^i(A, 171, ^72) - ^2(A, 171,172) = + G(A, /i, $1, $2), M G (-00, -M), 
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where A, rji, 772 are fixed by (13.281) . 62 is given by (13.301) or 62 = 1 and — U 2 ,/i with j = 1, 2, 

the solution of (12.101) where A is replaced by /i, 1^ by Vj, A by Aj and / by d*!. In view of Lemma and 
Lemma 2^ sending 71 —>■ — 00 we get 

'S'i(A, 771,772) — <S'2(A, 771,772) = G*(A, $1, $2)- 

Then, in view of Lemma 14.41 conditions (14.421) and (j4.43|l are fulfilled and according to Lemma 14.11 we have 
dAi = dA 2 . Therefore, condition (HI) implies that for A = A 2 — Ai extended by 0 outside of fl we have 
dA = 0 on R". Thus, there exists p G given by 


p(x) = [ 
Jo 


X ■ A{tx)dt 


such that A = Vp on R". Since M" \ fl is connected, applying the fact that A = 0 on R" \ fl, upon eventually 
subtracting a constant we may assume that p|Rn\n = 0 which implies that p|r = 0. Now let us consider the 
operator iJa = (—iV + Ai) + V 2 acting on with Dirichlet boundary condition and let (Aa^/c, be 

a sequence of eigenvalues and eigenfunctions of H 3 . Since Ai = A 2 — Vp one can check that H 3 = e‘PiL 2 e“‘^. 
From this identity we deduce that 

^3,k = ^2,k^ k ^ 1. 

Moreover, for all k ^ 1 we can choose = e*^<p 2 ,fc and deduce that the condition 

d,yP3,k = d^p2,k, k^l 

is also fulfilled. Thus, conditions (II2D imply that 

+00 

lim |Ai,fc - A 3 ,fc| = 0 and < 00 . 

A;—^+00 ^' '' ' 

k^l 

Then, repeating the arguments of Lemma 14.41 we obtain 


lim S'i(A(T), 77 i(r), 772 (r)) - S' 3 (A(r), 77 i(r), 772 (t)) = 0 , 

•^ + 00 


where 


with 


SjiX,r]i,r]2) = ( Aj,A$i,e 


pi'/Xr]2-x ^i'ip2 


J = l,3 


'lp 2 {x) = 


rx-r]2 


r]2 ■ + (5 - X • r]2)r]2)d^^ &2 = 1 


and the Dirichlet-to-Neumann map associated to problem (|2.4fl for A = Ai and = V 2 - Then, in view 
of Lemma 14.21 we have V\ = ¥ 2 - This completes the proof of Theorem 11.11 □ 
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